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 6.	If E is a real normed space of dimension ^2, show that an open nonempty subset of E
cannot be homeomorphic to any subset of R (use Problem 5).
 7.	(a)   Show that in a normed space E, a ball cannot contain a linear variety (Problem 5)
of dimension > 0.
(b)   Let (En) be an infinite sequence of normed spaces having dimension > 0; show that
00
in the metric space E— n^«» there is no norm such that the distance ||;c — y\\ is
n = 0
topologically equivalent to the distance defined in Problem 7 of Section 3.20 (where
dn is taken as a bounded distance on En equivalent to the distance defined on En by the
norm on that space). (Use (a).)
2. SERIES IN A NORMED SPACE
Let E be a normed space. A pair of sequences (xn)n^Qy (On^o is called
& series if the elements xn, sn are linked by the relations sn = xq + x^ + • • • + xn
for any n, or, what is equivalent, by xq = so, xn = sn — sn_1 for n^l;
xn is called the nth term and sn the nth partial sum of the series; the series
will often be called the series of general term xn, or simply the series (xn)
CO
(and even sometimes, by abuse of language, the series  ]T xn). The series
n = 0
is said to converge to s if lim sn = s; s is then called the sum of the series
H-+00
00
and written s = x0 + - • • 4- xn + • • • or s = ]T xn; rn = s - sn is called the
n=0
nth remainder of the series; it is the sum of the series having as /cth term
xn+k; by definition lim rn — 0.-
(5.2.1) (Cauchy's criterion) If the series of general term xn is convergent,
then for any e > 0 there is an integer n0 such that., for n ^ n0 and p ^ 0,
k+p - sn\\ = ||jcb+i + • • • + ^n+p|| < e. Conversely, if that condition is
satisfied and if the space E is complete, then the series of general term xn
is convergent.
This is merely the application of Cauchy's criterion to the sequence (sn)
(see Section 3.14).
As an obvious consequence of (5.2.1) it follows that if the series (xn) is
Convergent,   lim xn = lim (sn - sn-i) = 0;  but that necessary condition
n-*oo	n-+oo
is by no means sufficient.

